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Calculation of Flow over Multielement Airfoils at High Lift
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and
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An interactive boundary-layer procedure has been used to calculate the flow around three two-element airfoil
arrangements. The procedure is known to be accurate, is seen as the foundation of a generally applicable calcula-
tion method, and is used here in comparatively simple form. The calculated results are in close agreement with
measurements for angles of attack up to around 10 deg, with flap-deflection angles of up to 20 deg. The range of
accuracy of the predictions can be extended by the incorporation of the wake, and this will be required to deal
with high angles of attack, high flap deflection angles, and airfoil elements with smaller slot gaps than those con-
sidered here.

I. Introduction
A S high-lift devices increased in complexity, there was a

-/^.corresponding increase in the wind tunnel time dedicated
to their development. Attempts to reduce wind tunnel time by
developing calculation methods were a natural consequence.
The hope was that unpromising configurations could be
eliminated quickly and the wind tunnel used for final refine-
ment only. Initial attempts were confined mostly to inviscid
flow methods and advances were limited by experimental in-
formation that was usually comprised only of force data and
pressure distributions. This situation prompted more detailed
experimental investigations, and it was discovered, for exam-
ple, that with a simple slotted flap in optimum position, max-
imum performance often involved regions of separated flow
that extended into the wake. The immediate consequence of
the presence of separated flow is that the inviscid-viscous in-
teraction can no longer be treated as a small perturbation
about an inviscid flow, but must rather be treated as a strong
interaction, which requires an inverse boundary-layer ap-
proach. In addition, there is a clear need to represent transi-
tion and its relationship to flow separation.

The emphasis of the present work on two-dimensional
flows is justified by the general view that two-dimensional
information is applicable to the three-dimensional flow over
wings for high aspect ratio configurations. Thus, although
well-founded corrections for finite span, sweep, and taper
are not available, two-dimensional testing is often preferred.

Early prognostications for interactive calculations were op-
timistic. The method developed at NASA1 made use of in-
tegral equations for the viscous flow, is inadequate when
separation occurs, and cannot represent maximum lift. The
introduction of finite-difference methods to solve boundary-
layer equations in differential form led to greater flexibility
in that merging boundary layers could be represented even
where small regions of flow separation occurred and a range
of turbulence models could be incorporated readily. It is evi-
dent, e.g.j in Ref. 2, that useful results can be obtained for
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two-element airfoils but, in spite of an attached flow and the
selective use of turbulence models, improvements were called
for. An alternative approach based on representing the
separated flow by distributed sources led to its use in the
design process,3 but the review of Ref. 4 makes it very clear
that the value of the computational methods of this period
was limited.

Recent interactive procedures, e.g., those of Refs. 5-9, in-
volve more accurate and flexible solution methods for the in-
viscid and boundary-layer flows so that complex geometries
can be considered and the solution domain can encompass
regions of separated flow and the downstream wake. To ad-
vance the abilities of calculation methods beyond those
described in Ref. 4, it is necessary to combine the most
powerful components and to develop the resulting method in
conjunction with available experimental data. This plan of
attack is carried forward in this paper by using the interac-
tive procedure,10 which involves the conformal-mapping ap-
proach to the solution of the in viscid-flow equations11 and
the inverse finite-difference solution of the boundary-layer
equations12 to calculate the two-element airfoil flows in-
vestigated in Refs. 13-15. In this early step in the develop-
ment plan, the wakes from the two airfoil elements are not
included in the calculations and incompressible equations are
solved. These restrictions can be removed and will become
important at high angles of attack with small gaps between
airfoil elements and in the presence of flap wells. In the cases
considered here, however, they are of less importance, as will
be shown. As demonstrated many years ago,16 the wake
from the first element frequently does not interact with the
upper-surface boundary layer of the second element and, in
maximum lift, upper surface separation can reduce the in-
fluence of the wake from the second element, Also, com-
pressibility is unlikely to be of importance in the present
flows, though in some cases with high velocity peaks at the
leading edges, it will be necessary to involve a compressible
form of the conformal-mapping method such as that de-
scribed in Ref. 17.

The following section provides a description of the interac-
tive procedure used to obtain the results of Sec. III. The
paper ends with a summary of the main conclusions and a
statement of the further steps that will be taken toward the
provision of a general method for the calculation of the flow
around high-lift devices.
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II. The Interactive Boundary-Layer Method
The results of the following section correspond to two-

element airfoils and were obtained by the interaction of solu-
tions of the inviscid- and viscous-flow equations. The in-
viscid flow around the two elements was obtained by solving
the inviscid-flow equations with the conformal-mapping pro-
cedure.11 The resulting surface-pressure distribution was
used as the external boundary condition in the solution of
the boundary-layer equations for each surface of the two
elements which, in turn, determines a surface blowing
distribution to simulate the displacement-thickness effect.
The inviscid-flow equations are then resolved with a distribu-
tion of normal velocity on the surface obtained from

_d_
ds (1)

The new pressure distribution is used again in the boundary-
layer method, and the procedure is repeated until
convergence.

Where the calculation encounters separation, the inverse
solution of the boundary-layer equations together with the
FLARE assumption18 allowed results to be obtained. In all
cases, the viscous-flow calculation was terminated at the
trailing edge.

The following subsection provides a brief description of
the formulation of the boundary-layer scheme and its solu-
tion procedure. The inviscid method is described in detail in
Ref. 11 and is not repeated here. Similarly, the turbulence
model is based on that of Cebeci and Smith, and a detailed
description of the form used here is available in Ref. 10.

A. Formulation of the Interactive Scheme
For two-dimensional external steady incompressible flows,

the boundary-layer equations are well known and, with the
concept of eddy viscosity vt and with b denoting 1 + vt/*>, can
be written as

du dv

duu—-— + v-
dx

du due d / du \—— = ue -T
L+v ——(& ——Idy e dx dy \ dy /

(2)

(3)

The boundary conditions, in the absence of mass transfer,
are

u-+ue(x)

<4a)

(4b)

In Eqs. (3) and (4b), the external velocity distribution ue(x)
is obtained either from experiment or from inviscid flow
theory. In the latter case, it is often necessary to consider the
effect of the displacement thickness on the calculated veloc-
ity distribution, and this can be done in several ways. Here,
as in Ref. 10, we write the edge boundary condition with
w°, (x) denoting the inviscid velocity distribution and due (x)
the perturbation velocity due to viscous effects as

(5)

and assume that the interaction region is limited to a finite
range xa<x<xb. The perturbation velocity due(x) is deter-
mined from the Hilbert integral

(6)

where d(ue5*)/da is the blowing velocity. Following Ref. 10,
we write Eqs. (5) and (6) as

ue(x)=u°e(x)+£cij(ue5*)j (7a)
7=1

Here ctj denotes the interaction-coefficient matrix, which is
obtained from a discrete approximation to the Hilbert in-
tegral in Eq. (6). In this form, Eq. (7a) provides an outer
boundary condition for the viscous-flow calculation, which
represents the viscous/inviscid interaction. It can be gener-
alized to the form

Ue(X)=UK
e(x)+ (7b)

where uK
e (x) corresponds to the inviscid velocity distribution

that contains the displacement thickness effect (6*)* com-
puted from a previous sweep.

As discussed in Ref. 19, it is more convenient to solve Eqs.
(2) and (3) when they are expressed in transformed variables.
In the early stages of the boundary-layer development, the
Falkner-Skan transformation is used for this purpose. This
transformation provides the generation of initial conditions
at the stagnation point of the airfoil and allows the calcula-
tions to be performed economically and accurately around
the leading edge, where the governing equations are being
solved for the prescribed external velocity distribution. For
interactive boundary-layer calculations, where ue(x) is not
known, a constant reference velocity u0 is used in the
transformation

\l/=^u0vxF(x,Y) (8)

and in terms of these new variables, Eqs. (2) and (3) and
their boundary conditions are written in the form

(bF" - - FF" +xw -2

y=0,

dx
/=x(F'\ dx

-F" dF
dx (9)

F=F'=0 (lOa)

Y=Ye, F'=w, w-cii(Yew-F)=gi (lOb)

Here primes denote differentiation with respect to Y and

Cii=Cn\/l>X/UQ, W = Ue/U0 (11)

The parameter gi9 which results from the discrete approxima-
tion of Eq. (7), is given by

/ = *£+ (12)
7=1

where

x-a

B. Solution Procedure
The numerical solution of the system of equations given in

the previous section is obtained with Keller's box method for
the standard and interactive methods. This is an efficient,
second-order, finite-difference method extensively used by
Cebeci and his associates for a wide range of flows, as
discussed in Bradshaw et al.19 The description of the stan-
dard method is given in that reference as well as in Cebeci and
Bradshaw.20 The general features of the inverse method that
make use of the Mechul-function formulation are also
described for wall boundary layers in Bradshaw et al.19 As in
previous studies, the FLARE approximation, in which the
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convective term dFf /dx is set equal to zero in the recir-
culating region, is employed and no attempt was made to im-
prove the accuracy of the solutions resulting from this
approximation.

As in the solution of wall boundary-layer flows by Keller's
method, we write Eq. (9) as a first-order system. For this
purpose, we let

F'=u

ur =v

and write Eq. (9) as

(bv)' +—— Fv + xw —— -=xlu du
~dx -—v dF

~dx~

Since w is a function of x only, we write

w'=0

(13a)

(13b)

(13c)

(13d)

The boundary conditions for the system given by Eqs. (13)
now can be written as

Y— Y1 — * e>

(14a)

(14b)

After the finite-difference approximations to Eqs. (13) and
(14) are written, the resulting nonlinear algebraic system is
linearized by Newton's method and then solved by the block-
elimination method. For further details, see Refs. 19 and 20.

III. Results
Calculations were performed for the flow configurations

described in Refs. 13-15. The calculations required a few
seconds of CRAY time for each configuration and were per-
formed without computational difficulties.

The two-element arrangement of Olsen and Orloff13 in-
volved a NACA 4412 airfoil with a chord length of 0.9 m
upstream of a flap that had the section of a NACA 4415 air-
foil and a chord of 0.36 m. The freestream Mach number
was 0.06, and the experiment was conducted in the 7 x 10 ft
wind tunnel at NASA Ames Research Center. One con-
figuration was investigated and is shown in Fig. 1, together
with the measured and calculated surface-pressure distribu-
tions for this case, which exhibit similar trends. The ex-
perimental results for this case were not corrected for the
wind tunnel wall effects. The computational results shown
were performed with a flat plate above and below the airfoil
system to model the tunnel walls. These flat plates extended
about one chord length upstream and downstream of the air-
foil. They were used only to compute the external inviscid

flow distribution, with no boundary-layer calculations per-
formed on them.

The second case involves a NASA supercritical airfoil, 24
in. in length, with a 7-in. flap at a deflection angle of 20 deg.
The experiments were carried out in the 36 x 96 in. wind tun-
nel of the Boeing Research Laboratories at a Mach number
of 0.2 and have been documented by Omar et al.14>21 Figure
2 shows the configuration arrangement and the surface-
pressure distribution at zero angle of attack: the agreement
between calculation and experiment is within the measure-
ment uncertainty. Figure 3 shows similar results at 8.93 deg
angle of attack and differences similar to those of Fig. 1 oc-
cur on the upper surface of the airfoil and flap. They do not
appear to be connected with transition, which occurred
naturally in the experiment and was computed by MichePs
formula22 in the calculation. It is possible that a transport
model of turbulence would reduce the difference but unlikely
that the improvement would be significant. The influence of
the angle of attack of the airfoil system is shown in Figs. 4

Fig. 2 Comparison of calculated and measured pressure distribu-
tion on case 2 for a = 0 deg.

——— INVttOO
——— INTERACTIVE

O EXPERIMENT (21]

Fig. 1 Comparison of calculated and measured pressure distribu-
tion for the data of Olsen and Orloff.13

Fig. 3 Comparison of calculated and measured pressure coeffi-
cients of case 2 for a = 8.93 deg.
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Fig. 4 Comparison of calculated and measured lift coefficient, Cg
of case 2.
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Fig. 5 Comparison of calculated and measured boundary-layer
parameters of case 2.

Fig. 6 Comparison of calculated and measured pressure distribu-
tion on the NLR 7301 wing and flap for a = 6 deg.

i« ^ 12

Fig. 7 Comparison of calculated and measured pressure distribu-
tion on the NLR 7301 wing and flap for a = 13.1 deg.

and 5, which present the lift coefficient and displacement-
thickness variations. The need for the interactive procedure,
rather than the inviscid calculation alone, is made clear by
Fig. 4, which also reveals very good agreement over a wide
range of angles. It is interesting that upper-surface separa-
tion appears to exist only on the flap and probably explains
the ability to make acceptable calculations without con-
sideration of the wakes of the main airfoil; of course, where
the gap between elements is small, the wake effects will have
to be properly represented.

The third case corresponds to that investigated by van den
Berg15 and discussed in subsequent papers by van den Berg
and Oskam2 and Oskam et al.23 It was composed of a super-
critical main airfoil (NLR 7301) with a flap of 32% of the
main chord at a deflection angle of 20 deg. This flap angle
was close to the highest value that could be used without the
onset of flow separation. The arrangement is shown in Fig. 6
together with the surface-pressure distributions at angle of
attack of 6 deg; as with the former case, at zero angle of at-
tack, the calculated results agree with the measurements
within measurement uncertainty. At 13.1 deg (Fig. 7) the
pressure distribution on the main airfoil is again well
represented, but that on the upper surface of the flap is over-
predicted, probably due to the interaction between the
upper-surface boundary layer and the wake of the main air-
foil. As can be seen from the distributions of skin-friction
coefficient (Fig. 8), the boundary layer on the upper surface
is approaching separation but has not reached it, so the wake
is likely to be highly curved. The results of Fig. 8 confirm
that the properties of the viscous layer are well represented
by the algebraic eddy-viscosity hypothesis described in Ref.
10 and recover rapidly from the simple approach used, em-
bodied in the correlation equation, to represent the transi-
tional region.

Figure 9 again confirms that the use of the inviscid equa-
tions leads to the overprediction of the lift coefficient at all
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Fig. 8 Comparison of calculated and measured skin-friction coeffi-
cient and momentum thickness (0/c) on the NLR 7301 wing upper
surface: a) a = 6 deg, b) a = 13.1 deg.

3.6

2.8

2.0

Fig. 9 Comparison of calculated and measured lift coefficient of
NLR 7301 wing with flap.

angles of attack and that the interactive procedure is satisfac-
tory up to around 8 deg. The discrepancy at 13 deg appears
large (-7%) but is accounted for by the small differences
apparent in Fig. 8, which are within experimental uncer-
tainty, apart from those on the upper surface of the flap.

IV. Concluding Remarks
The results of the previous section demonstrate that an in-

teractive procedure, which can be shown to be accurate and
convenient to use, can produce acceptable calculations of
two-element airfoils over a range of angles of attack. The
calculations were made with an algebraic eddy viscosity for-
mulation of Cebeci and Smith in Ref. 10 and without con-
sideration of the wakes of the two elements, representing an
early step toward the development of a generally applicable
procedure. Among the more detailed conclusions that may

be drawn from the results are the following:
1) Even in its present form, the calculation method pro-

vides results that agree with experimental information within
the accuracy of the measurements up to an angle of attack of
around 10 deg.

2) The wake of the forward element does not appear to
interact with the upper-surface boundary layer in most of the
cases considered, where the gaps between the elements are
comparatively large, and upper-surface separation, which is
readily calculated by the interactive procedure, reduces the
upstream influence of the wake.

3) Small errors in the distribution of the pressure coeffi-
cient around the two-element airfoils can accumulate to
cause errors of up to around 8% in lift coefficient so that, in
measurements or in calculations, great care is required in the
interpretation of results. In the next phase, the procedure
will be extended to include the wake of both elements so that
the range of accurate calculations can be extended to higher
angles of attack and to configurations with small gaps be-
tween elements. The present test cases do not involve prac-
tical flap wells, and the interactive procedure will also be ex-
tended to deal with them.
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